EXPLICIT STILLMAN BOUNDS FOR ALL DEGREES
GIULIO CAVIGLIA AND YIHUI LIANG

ABSTRACT. In 2016 Ananyan and Hochster proved Stillman’s conjecture by showing the ex-
istence of a uniform upper bound for the projective dimension of all homogeneous ideals, in
polynomial rings over a field, generated by n forms of degree at most d. Explicit values of the
bounds for forms of degrees 5 and higher are not yet known.

The main result of this article is the construction of explicit such bounds, for all degrees d,
which behave like power towers of height %d?’ + 16—1d — 4. A key technical step is to establish
a bound D(k,d), which controls the number of generators of a minimal prime over an ideal
of a regular sequence of k or fewer forms of degree d, and supplementing it into Ananyan and
Hochster’s proof in order to obtain a recurrence relation.

1. INTRODUCTION

Let K be a field, R = KJz1,...,zn] be a polynomial ring over K, and I be an ideal of R

generated by n forms of degrees dy, ..., d,. We will denote the projective dimension of a module
over R by pdgr(M). Stillman (see [21]) conjectured that the projective dimension of I can be
bounded in terms of n and di,...,d, but independent of N. We will refer to such bounds

as Stillman bounds. Ananyan and Hochster were the first to give an affirmative answer to
Stillman’s conjecture in [2], where they showed the existence of Stillman bounds by proving the
existence of small subalgebras and small subalgebra bounds "B (defined in [2, Theorem B] or
Theorem 2.2). Stillman’s conjecture was later reproved in [11] and [17], both using topological
Noetherianity results from [12].

With the existence proven, the next question is to find explicit Stillman bounds. While
many early and recent works [1] [3] [4] [5] [8] [16] [15] [18] [19] [20] have established Stillman
bounds for degree 4 or less, the question for degree 5 and higher remains untouched. We give
explicit Stillman bounds for all degrees by proving explicit small subalgebra bounds "B through
a recurrence relation in Theorem 3.6. In particular the Stillman bound we obtain is estimated
to be a power tower as follows:

Theorem 4.3. If I is a homogeneous ideal in a polynomial ring R generated by n forms with
mazximum degree d > 4, then pdg(R/I) can be bounded by a power tower with base 7, height
%d?’ + %d — 4, and top exponent d +n + 3.

The main reason why Ananyan-Hochster’s inductive proof does not produce explicit Stillman
bounds is that the authors can only show the existence (see [2, §3]) of a bound called D(k,d),
which controls the number of generators of a minimal prime over an ideal of a regular sequence
of k or fewer polynomials with degree d.

The crucial technical result of this article is the following lemma which establish an effective
value for D(k,d).
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Lemma 3.3. Let K be an algebraically closed field, P C K[xq,...,xy] be a minimal prime
of an ideal generated by a reqular sequence of k or fewer forms of degree at most d. Then the
manimal number of generators of P is bounded by

Dk, d) = (2d)2 **"".

By inserting the above bound D(k,d) into the double-layered induction of [2], we obtain a
bound for "B and thus our Stillman bounds. Notice that in the above lemma, the assumption
of the field being algebraically closed is needed only for existence of 'B(k, d) as in [2, Theorem
BJ, and the proof still works if we drop this assumption and replace 'B(k,d) by pdz(R/P) or
N (see Theorem 3.5).

The paper is organized as follows. In Section 2, we first state the small subalgebra theorems
of [2] after giving their necessary definitions, then set up notations needed for the next section.
In Section 3, we construct the bound D(k,d), discuss how we insert the bound D(k,d) into
Ananyan and Hochster’s proof, and conclude the section with a theorem establishing our bounds
for "B with a recurrence relation. In Section 3, we give an estimate of our bounds for "B.

2. NOTATION

We first recall some definitions in [2, §1] which are needed for stating the theorems in [2]. Let
R = K|xq,...,zy] be a polynomial ring over a field K. Let V' be a finite dimensional graded
vector space of R, then we say V' has dimension sequence 6 = (01,...,04) if V=V & ---dV;
as a direct sum of its graded components with dimg V; = §;.

A function of several variables is called ascending if it is increasing in any one variable while
the other variables are fixed.

A form F € R has a k-collapse if it can be written as a graded combination of k or fewer
forms of strictly smaller positive degree. We say F' has strength k if it has a k + 1-collapse but
no k-collapse. By convention we set the strength of a linear form to be +oc0.

A sequence of elements G, ..., Gy in a Noetherian ring R is a prime sequence (respectively,
an R, -sequence) if for 0 < i < s, R/(Gy,...,G,;) is a domain (respectively, satisfies the Serre
condition R,)). When R is a polynomial ring, for any n > 1 an R,-sequence is a prime sequence
and hence a regular sequence.

Our goal is to give explicit bounds to the functions "A and "B for any degree, which are
defined in Theorem A, Theorem B, and Corollary B of [2].

Theorem 2.1 (Ananyan-Hochster [2]). There are ascending functions A = (Ay,..., Aq) and,
for every integer n > 1, "A = ("Ay,...,"Aq) from dimension sequences § = (J1,...,0q4) € N? to
N? with the following property: For every algebraically closed field K and every positive integer
N, if R = Klz1,...,xy] is a polynomial ring, and V denotes a graded K -vector subspace of
R of vector space dimension n with dimension sequence (01, ...,0q), such that for 1 < i < d,
the strength of every nonzero element of V; is at least A;(6) (respectively, "A;(5)), then every
sequence of K -linearly independent forms in 'V is a reqular sequence (respectively, is an R,-
sequence).

Theorem 2.2 (Ananyan-Hochster [2]). There is an ascending function B from dimension
sequences 6 = (01,...,0q) to Zy with the following property. If K is an algebraically closed
field and V' is a finite-dimensional Z -graded K -vector subspace of a polynomial ring R over
K with dimension sequence §, then V' (and, hence, the K-subalgebra of R generated by V') is
contained in a K-subalgebra of R generated by a reqular sequence Gy, ...,Gy of forms of degree
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at most d, where s < B(d). Moreover, for every n > 1 there is such a function "B with the
additional property that every sequence consisting of linearly independent homogeneous linear
combinations of the elements in Gy, ...,Gs is an R,-sequence.

The next corollary, as remarked in [2], follows immediately by taking "B(n,d) to be the
maximum of "B(d) over all dimension sequences with at most d entries and sum of entries at
most n.

Corollary 2.3 (Ananyan-Hochster [2]). There is an ascending function "B(n, d), independent of
K and N, such that for all polynomial rings R = K|x1,...,xN| over an algebraically closed field
K and all graded vector subspaces V' of R of dimension at most n whose homogeneous elements
have positive degree at most d, the elements of V' are contained in a subring K[Gy,...,Ggl,
where B <"B(n,d) and G, ...,Gp is an R,-sequence of forms of degree at most d.

We next introduce notations that are needed for the proof of Lemma 3.2 and Lemma 3.3.
For a finitely generated graded R-module M, let §;;(M) be the graded Betti numbers of M
and 3;(M) = >_; Bi;(M) be the i-th Betti number of M. The Castelnuovo-Mumford regularity
of M is defined as reg(M) =max; j{j —i: 3;;(M) # 0}.

Let J be a monomial ideal. We say J is strongly stable if for each monomial u of J, x;|u
implies z;u/xz; € I for each j < i. Let G(J) be the set of minimal monomial generators of J and
D(J) be the largest degree of monomials in G(J). If u is a monomial, let m(u) := maz{i : x;|u}.
By the Eliahou-Kervaire resolution in [14], if .J is strongly stable then 5;(.J) = >~ . (m(i)fl).

Let I be a monomial ideal in Klxy,...,2y] where K is an infinite field, we may assume [
is generated by monic monomials, if K’ is any other field then let I be the ideal generated
by the image of these monomials in K'[xy,...,zy]|. Let ging, (I) be the generic initial ideal of
I with respect to the degree reverse lexicographical order. The zero-generic initial ideal of I
with respect to the degree reverse lexicographical order is defined to be

Gll’lo([) = (ginrlcx<(ginrlex(I))Q))K'
The zero-generic initial ideal is explored in more details in [7]. We need this notion in §3 to

treat the positive characteristic cases. Notice that in characteristic 0, the zero-generic initial
ideal is equal to the usual generic initial ideal.

3. PROCEDURES TO REALIZE THE BOUND VIA A RECURSIVE ALGORITHM

We start this section by constructing a bound, denoted D(k,d) in [2], for the number of
generators of a minimal prime of an ideal generated by a regular sequence of k or fewer forms of
degree d. We note that this bound is independent of the number of variables in the polynomial
ring, which is necessary for our purpose. The following lemma, see [9, Theorem 27], tells us
that the above minimal prime can be written as the ideal of the regular sequence colon by a
form with bounded degree, which is key to the proof of Lemma 3.2.

Lemma 3.1 (Chardin [9]). Let P C K|[xy,...,xy] be a minimal prime of an ideal generated by
a homogeneous reqular sequence fi, ..., fr of degrees dy, ..., dy. There exists a form f of degree
at most dy + -+ - + d, — k such that

P=(fi,....fr) : ().

LB () —
The next two lemmas justify the fact that we can choose D(k, d) to be (2d)? “““™". Assuming
the number of variables is known, we show in Lemma 3.2 how to bound the minimal number
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of generators of a particular kind of colon ideals as in Lemma 3.1. In pursuance of an optimal
bound, we extensively apply results and proofs of [6] and [7]. For an alternate way to obtain
a value for D(k,d), we refer the reader to Remark 3.4, which could still be used to construct
explicit but larger bounds for "B(0).

Lemma 3.2. Let I C Klzy,...,xp4+1] be an ideal generated by a regular sequence of ¢ forms
of degree at most d, and f be a form of degree at most cd — c. Then the minimal number of
generators of I : (f) is bounded by

231

B
Bo(L: () < B(d+1)(2d) [[((d® +2d — 1)*" +1) + 1 < (2d)
=3

where the last inequality holds if we further assume B >4, or B > 3 and d > 3.

Proof. If ¢ = 1 then So(I : (f)) = 1, so assume ¢ > 2. After a faithfully flat base change,
we may assume K is infinite. Denote R := K|[zq,...,zp41] and let fi,..., f. be the regular
sequence with deg(f;) < d. Consider the exact sequence

0— R/(I:(f) -1 R/T — R/(I+(f)) — 0.

Since ¢ < Bo(I + (f)) < ¢+ 1, using the long exact sequence of Tor(—, K) induced from the
above short exact sequence, we get Bo(1 : (f)) < Bi(I + (f)) + 1.

With the notations of Section 2, let J := Ging(I + (f)). Denote Ry = Klzi,..., ;]
Let (I + (f))@ denote its image in R/(Ip41,...,lix1) = Ry where lpiq,...,li;1 are general
linear forms, let Jj; denote J N Rp). By [1, Proposition 2.2], J is strongly stable with (1 +
(f)) < Bi(J). So by [14] and [6, Proposition 1.6], 81(J) = >_,cqn(m(u) —1) < B-|G(J)| <
BHf;l(D(Jm) +1). Using [7, Theorem 2.20], we can get D(J};) < reg(([ + (f))@) for all <.
Notice that reg((/ + (f))u)) < id — i+ 1 for all i < ¢, because mﬁ(% HC (T4 (f))u where
m = (Zﬂl, . 7'TB+1)-

To bound reg((I 4 (f))y) for i > ¢+ 1, we follow the proof of [6, Theorem 2.4 and Corollary
2.6]. Let A(M) denote the length of an Artinian module M. Using the same proof of [6,
Theorem 2.4], we can get

reg((I + (f))w) < max{d,cd — c,reg((I + (f))u-1))}

o3t ) IL s+ (o)

i+ (3.1)
< mac{d,ed e, es((1 + (F))n)} +d° [ res(L+ (P)io)

The last inequality holds since Ry/(I + (f))( is a quotient ring of Rjq/(g1,-..,9.), where
G1s- -, ge is the image of fi,..., f. in Rjg and is a regular sequence with deg(g;) < d.

Now we use (3.1) recursively to bound reg((I + (f))u) for i > ¢+ 1. Set By :=cd — c + 1,
recall that By bounds reg((I + (f))()). Apply 3.1 to (I + (f))(c+1> to get reg(({ + (f))<6+1>) <
cd—c+1+d°=:B;. For j > 2 weset B, :== Bj_1 +d° Bk (Bj_1)? < (B1)¥ . Hence
for all i > c+1, reg((I + (f)) ) < Bie < (cd—c+ 1+ dc)Zz o < (d®+2d—1)*"", where the
last inequality holds since the second last bound is decreasing as a function of ¢ and ¢ > 2.
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If B >4, then B < 2872, Combining all the previous inequalities, we get

B
Bo(I+ (f)) < B(d+1)(2d) J[((d* +2d — 1)*° +1) +1
=3
B B
< 2572(d + 1)(2d) [ J(d* +2d)* " < 2d) [ [ (2d* + 4d)*™
=3 1=3

< (2d)” H@d)?” = (20)*"".

If B=3and d > 3, one easily checks that 3o(1 : (f)) < 3(d+ 1)(2d)(d*> + 2d) + 1 < (2d)*. O

Lemma 3.3 constructs our value (2d)213(k’d)71 for the bound D(k, d) by passing to a polynomial
subring with at most 'B(k, d) + 1 many variables first, using Corollary 2.3, then combining the

result of Lemma 3.1 and Lemma 3.2.

Lemma 3.3. Let K be an algebraically closed field, P C K[xq,...,xy] be a minimal prime
of an ideal generated by a reqular sequence of k or fewer forms of degree at most d. Then the
manimal number of generators of P is bounded by

Bo(P) < (2d)

Proof. Let fi,..., f. be the regular sequence with ¢ < k and deg(f;) < d, let I be the ideal it
generates. By Corollary 2.3, there exists a prime sequence Gy,...,G, with s < 1[)’(/{:, d) such
that fi,..., f. € K[G1,...,Gs]. Denote R = K[xq,...,zy| and S = K[Gy,...,G,]. Then
pdr(R/I) = ¢ < s and pdg(S/P N S) < s. Notice that R is a free and thus faithfully flat
module over S since we can extend (G, ..., G, to a maximal regular sequence G1,...,Gy in R
to get free extensions K[Gy,...,Gs] = K|[Gy,...,Gy] and K[Gy,...,Gn] — Klzy,...,zN].
Consequently we get pdr(R/P) < s once we have shown P = (PN .S)R. By faithfully flatness
fi,..., fe € PNS remains a regular sequence in S and so ¢ = ht P > ht (PNS)R =ht PNS > c.
Now by [2, Corollary 2.9], (P N S)R is a prime ideal, therefore P = (P N S)R.

By 3.1, there exists a form f € R of degree at most ¢d — ¢ such that P = I : (f). Consider
the exact sequence

ol B(k,d)—1

0— R/P L5 R/T — R/(I+(f) — 0. (3.2)

It follows that pdr(R/(I + (f))) < s+ 1. Then depth R/(I + (f)) > N — (s + 1) by the
Auslander-Buchsbaum formula. Let lg1o,...,lxy € R be a sequence of linear forms regular
on R/P, R/(I + (f)), and R/(f1,...,f.). Fix a graded isomorphism from R/(lsi9,...,IN)
to K|[r1,...,7s11], let R denote K[zy,...,2.1] and “—" denote the image of polynomials or
ideals of R in R. Notice that By(P) = Bo(P). Since l,49,...,ly is a regular sequence on
R/(I+(f)), the short exact sequence in (3.2) remains exact after tensoring with R. It follows
that P=1T:(f ). Notice that fi,..., f. is a regular sequence in R, so we can apply Lemma 3.2
to get Bo(P) < (2d)? BT fo 'B(k,d) >4, or 'B(k,d) =3 and d > 3.

If 'B(k,d) = 2, it is clear that Bo(P) = So(PNS) < 2. If 'B(k,d) = 3 and d = 2, then P is a
minimal prime of an ideal generated by two quadrics. Let e(R/P) denote the Hilbert-Samuel
multiplicity of R/P with respect ot the maximal ideal (z1,...,zy), we have e(R/P) < 4.
If either P contains a linear form or e(R/P) = 4, then P is a complete intersection and so
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Bo(P) = 2. Otherwise P contains no linear forms and e(R/P) = 3 = 1+ht(P), so we can apply
[13, Theorem 4.2] to see that R/P is Cohen-Macaulay and hence §y(P) < e(R/P) = 3. O

Remark 3.4. By using known results, there is a quick and simple way to obtain a worse upper
bound than the one derived from Lemma 3.3. The outline is the following. First one uses the
bound on the degrees of the generators of initial ideals given in [12, Corollary 3.6] and the proof
of [10, Corollary 3.7] to bound the degrees of the generators of P = I : (f). When d > 2, the
bound one gets is (d°(cd—¢))2 " < (d2(2d—2))2 "7

the number of minimal homogeneous generators of P is at most (18(

=: D. Hence, by linear independency,
k,d)JrD)
5 :

In the proof of Lemma 3.3, notice that we could replace ' B (k,d) by the projective dimension
of R modulo the minimal prime P. The same proof will give us the bound:

Theorem 3.5. Let K be an algebraically closed field, P C K[xy,...,xy] be a minimal prime
of an ideal generated by a reqular sequence of k or fewer forms of degree at most d. Then the
minimal number of generators of P is bounded by

Bo(P) < (2d)2" 77" < (2d)2" .

We conclude this section by presenting a recursive formula that computes "B(d), where
d = (d1,...,94) is a dimension sequence (see Theorem 3.6). The theoretical proof of [2, §4],
which contains an inductive argument on the degree d, can be easily made into an algorithm
once we insert the bound obtained in Lemma 3.3.

Denote "A(i) = *B(D(n+1,i — 1),i — 1) + 1. Then by [2, Proposition 2.6 and Theorem A],
we have "A;(0) = "A(i) + 3(37_, 0, — 1).

Section 4 of [2] explains how to obtain "B from "A, which we will describe briefly as follows.
Let V' be any vector space with dimension sequence 9, if for all such V| the strength of every
nonzero element of V; is at least "A(d), then let "B(8) = 3¢, ;. Otherwise there exists a
V and a degree i for which an element of V; has an "A;(d)-collapse. In this case set "B(d) =
maxy{"B(0")}, where §' run through all dimension sequences derived from § by keeping o,
unchanged for j > i, decreasing d; by 1, and increasing the §;’s for j < i by a total of 2-"A44(9).
Notice that if d = 1, "B((41)) = 0, trivially satisfies 2.2.

By considering the worst case scenario in the algorithm described above, we may define "B
recursively as

nB(51, . e >5d> — nB((Sl, e ,5d,2, 6(171 + 217Ad((5), 5d - 1)
= nB(élv HE a5d—27 Qs 6d - 7’)7
where a; satisfies the recurrence relation ag = d4_1,
a; = a;—1 + 2(7714(61) + 3((Zi_1 +014+ -+ 049+ 04 — (Z - 1) — 1))
=Ta;1 +2"A(d) +6(01 + -+ 042 + 4) — 6i.

Notice that a; = 7(6; + -+ + dg+ 5 "A(d) — L) +i — (01 + -+ + da2z + 64) — 5 "A(d) + L is
a solution of the recurrence relation. Our goal is to bring down all the degree d elements to
degree d — 1, and so we compute a;, to get

nB((;l, e ,5,1) = nB(él, e 75d—2; as,, O) =

" 1 7

1 7
B(6y, ... 040, T8 + -+ + 04 + §”A(d) —5) - (61 + -+ 0a2) — g”A<d) +5)-
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With our recursive definition we have "B(n,d) = "B(d) where 6 = (0,---,0,n) has d entries.
The algorithm finishes by iterating the above process until all forms are in degree 1. We
summarize the above discussion into the following theorem.

Theorem 3.6. Under the setting of Theorem 2.2, we have the bound "B(§) = by_1 where by_;
satisfies the following recurrence relation:

1
by = 7" (§BB(D<U+1ad_i)ad_i)+bi—1+51+"'+5d—i_2)

1 5)
- gSB(D(U‘Flad—i)ad—i) - (51+"'+5d—i—1)+6-
with by = 64, Dy + 1,d — i) = [2(d — )2 """ ifd—i > 1, D(n+1,1) = 5 + 1, and
"B((8,)) = 1.

4. ESTIMATE OF THE SMALL SUBALGEBRA BOUND

In this section, we give an estimate for the bound "B(n, d) in Corollary 2.3. Notice that this
also estimates the bound "B(¢d) in Theorem 2.2 since if § is a dimension sequence with d entries
whose sum equals to n, then "B(§) < "B(n, d).

Unfortunately a formula that represents the actual value of the recursion described in Theo-
rem 3.6 will be a very complicated, hard to read formula that behaves like a power tower. We
decided, for the sake of clarity, to push all the exponents up in order to obtain a reasonable
upper bound written as a power tower with linear top exponent depending on d, n,n. We focus
not on the optimal value of the top exponent, but on the height of power tower.

We denote a power tower with base a, height n, and top exponent x by

a®

Notation 4.1. Let exp™(z) = a®  withn a’s.
The result of our estimate, whose details are at the end of the section, is as follows.

Proposition 4.2. Assume d > 4, then "B(n,d) defined in Corollary 2.3 can be bounded by

sd34+ld—a

"B(n,d) < exps (d+n+n+2).

In particular when n =1, 1B(n, d) gives a bound for the projective dimension.

Theorem 4.3. If I is a homogeneous ideal in a polynomial ring R generated by n forms with
mazximum degree d > 4, then pd(R/I) can be bounded by a power tower with base 7, height
%d3 + %d — 4, and top exponent d + n + 3.

For the rest of this section, we compute the estimate in 4.2. During the computations, we
will push up the exponents repeatedly, by which we mean:

r ayl+z

Ifa>2,z,y,2>0, and z +y < ay/, then a¥® + z < a¥ 1% < @tV < @ —

For the computations below, we work with the recurrence in Theorem 3.6. Recall that
"B(n,d) ="B(§) where § = (0,---,0,n) has d entries, and "B(n, d) = bs_1 with the b;’s defined
in Theorem 3.6. We assume d > 4.
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First we simplify the b;’s in Theorem 3.6.

1 5 1 5
bi:’?bi_l (gSB(DO?—i‘1,d—l),d—2)+b1_1—6) —538<D<7’]+1,d—l)7d—2>+6
1 .
<TG BD0 +1,d = i), d = i) + bi) (4.1)

< 72bi71<38(D(77 + 17d - Z)vd - Z))

We push up the exponents appearing in "B(n,d) = by_;.
Notice that 2°B(D(n + 1,d —i),d — i) < 7 BPOHLd=0)d=0) and 3B(D(n+1,d —1),d — 1) >
SB(D(n+1,d—1i),d—1) for all i > 1.

23B(D(n+1,d—1),d—1)72"

WB(n’ d) — by < SB(D(T] 11, 1)7 1)7236(D(n+1,2),2)7-
< (N4 Dexpd 1 CBD(n+1,2),2) 4+ - +°B(D(n+1,d—1),d — 1) + 2n)
< (N4 Dexpd=t((d —2)°B(D(n+1,d —1),d — 1) + 2n).
(4.2)
Apply (4.2) to *B(D(n+1,d —1),d — 1), we get:
*B(D(n+1,d—1),d—1) < 4exp?2((d — 3)°B(D(4,d — 2),d — 2) + 2D(n+ 1,d — 1)) (4.3)

Apply (4.2) to *B(D(4,d —2),d —2),°B(D(4,d — 3),d — 3),...,°B(D(4,2),2) and push up
all the exponents, we get:
*B(D(4,d —2),d —2) < 4exp?3((d — 4)°B(D(4,d — 3),d — 3) + 2D(4,d — 2))
< exp?3((d—4)°B(D(4,d — 3),d — 3) + 2D(4,d — 2) + 1)

d3 . d—4
< expr ™ (3 j+2(d - 3)D(4,d — 2) + d — 3) (4.4)
i=2

d2—5d+6 5

1
=exp, > (2(d—3)D(4,d—2)+ 5d2 —5d+ 2).

Now we combine the above inequalities. The first inequality below follows from (4.2), the
second from (4.3), the third from 4(d —2) < 7?72, the fourth from (4.4) and (d —3) + (d —2) <
73d1
"B(n,d) < (n+ Dexp((d—2)°B(D(n+1,d—1),d—1) +2n)
< (n+ L)exp? '((d — 2)4expd2((d — 3)°B(D(4,d — 2),d — 2) + 2D(n + 1,d — 1) + n))
< (n+ Dexpd™442((d — 3)°B(D(4,d — 2),d —2) + 2D(n + 1,d — 1) + n + (d — 2))

2_
3+d gd+6

< (n+ Dexpa"™
2

d®—d 1
= (n+1exp; > (2(d—3)D(4,d—2)+ D(n+1,d— 1)+n+§d2—2d+1).
(4.5)

1 1
(2(d—3)D(4,d—2)+§d2—gd+2+D(n+1,d—1)+n+§d—1)
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In particular when n = 1:

d2—d

#2-d 1
'B(n,d) <exp,? (2(d—3)D(4,d—2)+D(2,d—1)+n+ §d2 —2d +2)

d2—d

1
<exp;? ((2d—5)D(4,d—1)+n+ §d2 —2d +2).
We bound D(n+1,d — 1) as:

1B(n+1,d—1)—1
)J?

Din+1,d—1)=[2(d—1

4?—3d+2 1,2 11

S [7(171]76)(})7 ((2d=7)D(4,d—2)+n+5d* —3d+5) (46)
d2-3d+6 1 5 9

<exp, 2 ((2d=T7)D(4,d—2)+n+ §d —2d + 5)

To estimate D(4,d — 2), notice that for 3 < 7 < d — 2, we have:
1 N
D(4,5) = [8§]2 "
2 .

< [7j]7exp7]Tj((2175>D<4,j—1)+4+%]'2—2942) (4.7>
2oges . L,

<exp; * ((2/—=5)D(4,j-1)+ -5 —j+6).

2
And when j = 2, we get the bound below. Notice that we can use the first line of (4.1) to
bound 'B(4,2) =74 (3 -2+4-2) - L. 24 2 <4. 74

1B(4,2)—1 94741
2 ]

D(4,2) = [4 < expi(5).

Apply (4.7) recursively, use the inequality Zj;;@j —5)+ (3542 —j +6) < exp2(3d —2), and
push up the exponents to see:

<[

yd-2 J2—it4 d3—6d?423d—42 ]|

A 1
D(4,d —2) <exp;’™* °* (id —245)=exp; ° (Qd + 3). (4.8)

We combine the previous inequalities to get our final bound below. Notice that the first
inequality follows from (4.5), the second from (4.6), the fourth from (4.8) and the inequality
d* —3d + L+ (2d — 6) < exp2(3d — 1).

d?—d 1
"B(n,d) <exp,? (2(d—3)D(4,d—2)+ D(n+1,d— 1)+n+§d2—2d+2+n)
1
< exp? 23 (d — 3+ (2d — 6)D(4,d — 2) + 1+ 5012 —2d + g

1
+n+§d2—2d+2—l—n)
7

— exp? T2H3((2d — 6)D(4,d — 2) + 2+ n+ d* — 3d + 3)
2_ d®—6d®123d—42 ] 1

<expy TR (Gd+3+n+n+5d—1)
134114

—expt” TN A+ 240+ ).

. 1 Fd3+d—a
In particular when n = 1, we get ~B(n,d) < exp? (d+n+3).
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